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FORMULAS FOR PROPELLERS IN YAW AND CHARTS OF THE SIDE-FORCE DERIVATIVE

BY HEFtBEET S. Rmhm

SUMMARY

&meraifornau[a8 are gt”renfor propel[er~.for the rate of change
of .st”de-forcecoejicient ‘with ‘an~le ~f yaw- and for thi rate ;J
change of ln”tching+nornent coejic-”ent with angle of yaw.
Charts of the tide jorce derimtire are ~“r.m.for two propellers
of di~erent plan form. fie chart~ corer 8a?idiiie8 of ho to air
blades and single and dual rotation. The blade ang[e8 range
from 15” or W to 60°.

l%e equation~ and the chart~ computed from the equations
are baaed on a-n unpwbli8hed analym”8 that incorpora~e8
factorg not adequately corered in preiioudy published work and
gires good agreement w“th experiment orer a w-de range of
operating condition. A ~tudy of the equations indicates that
they are conai8tent with the following physical interpret&”on:
In developing side force, the propeller act8 like a jin of which
the area. is the prq”ected side area of the prc-peller, the efectire
a8pect ratio ia of the order of 8, and the e$ectire dynamic pre8-
sure i8 roughly that at the propeller did as augmented by the
in$ow. The m-iation of the inj%w celocity, for a jiwd.-plch
propeller, account8 for mo8t of the wriation of tide force m“th
adwncediameter ratio.

The chart8 may be applied to obtain the rate of change of
normal-force coej&ient m“th angle oj attack of the axi8 of rota-
tion if proper account i8 taken of the upwzsh or downu’a8hfrom
the w-rig.

INTRODUCTION

There has been a need in st&biIity analjwes for a systematic
series of charts for the estimation of the rate of change of
propeller side force with angle of yaw. AIthough the formula
developed by Harris and Glauert in references 1 and 2 and
discussed in reference 3, which expresses the side force in
yaw in terms of coefllcients for the uuyavred propeller, is
fairIy satisfactory, there has been no adequate formula based
primarily on the geometry of the propeller bIades. An
unpublished analysis has resulted in such a formula. The
basic assumptions are simihir to those of the vortex theory
for the uninclined propeIIer when the Goldstein correction
for finite number of Madea is omitted. Comparison with a
number of experimental results has iudicat+d that the ac-
curacy of +10 percent obtainable by the analytical method
is of the order obtained by the uncorrected vortex theory
for the uninclined propelIer.

The formula developed in the analysis and given herein
has been used to prepare a series of charts giving the rate of

change of side-fome coefi%ient, with angle of yaw as a func-
tion of the advance-diameter ratio T“/n.D; the blade angle
and solidity are parameters; the charts cover both single
and duaI rotation. The computations were made for two
representative propellers, the Hamilton Standard 3155-6
and the NTACA 1O-3O62+M5. Meana are given for inter-
polating for other propellers.

In order to make the present. report complete in itself and
to make the charts more inteUigibIe, formulas for the side-
force and pitching-moment derivatives are given at” the
outset with an exphmatory text. The other propeller
stability derivatives with respect to yaw are zero.

For the purpose of expediting the publication of the charts,
the derivation of the formulas has been omitted from th~
present paper. There is incIuded herein, however, a graph
that shows a comparison of the theoretical vahms with the
qerimentaI data of Lesley, WorIey, and Moy (reference 4).

SYMBOLS

The formulas of the present report refer to a system of
body axes. For singIe-rotating propellers, the origin is at
the intersection of the axis of rotation and the pIane of rota-
tion; for duaI-rotating propellers, the origin is on the asis of
rotation half way between the planes of rotation of the front
and rear propellers. The X-axis is coincident with the axis
of rotation and is directed forward; the Y-ati is directed to
the right; and the Z-axis is directed downward. The sym-
bols are detlned as foIlows:

propelIer diamet&
tip radius
radius to any blade element
disk area (TD/4)
fraction of tip radius (r/R}
minimum fraction of tip radius at which shank blade

sections develop lift (taken as 0.2)
ratio of spinner radius to tip radius
number of blades
blade section chord

solidity at 0.75R
W)O.J

blade angle to zero-Jift chord
blade angle to reference chord, measured a 0.75R

station, degrees
181
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geometric pitch
angle of yaw, radians
angle of attack of thrust axis, radians
free-stream veIocity

free-stream dynamic pressure
()

$ P~7’

inflow factor
axial velocity at propeller disk (1’(1 +a))

((l+a)[(l +a)+(l+2a)’
q-factor

l+(l+2a)z 1,

thrust coefllcicmt (Thrust/@D4)
thrust coefficient (Thrust/plqlY or CT/J2)
rotational speed, rcvcktions per second
advance-diameter ratio (T’/nD)
effwtive helix angle

(tan-l
T’a

%rnr-sl ipstream rotational velocity )

siclc force (body aww)
normal force
pitching moment (body roes)
side-force derivative, that is, rate of change of sidc-

force coefficient with angle of yaw
(%&)

pitching-morne.nt derivative, that is, r~te”of change of
,pitching-moment coefficient with angle of yaw

(w)

average slope of section lift curve per radian (taken
as o.95x27r)

spinner factor
sidewash factor
constant in the equation for k.
side-arch inda
defined by equation (2a) (zero for dual-rot sting”

propellers)
integral defined by equation (2b) . -
integral defined by equation (2c)
defined by equation (3a)

Subscript:
0.i5R measured at the 0.75R station (x= O.75)

FORMULAS

RATE OF CHANGE OF SIDE-FORCE COEFFICIENT WITH ANGLE OF YAW FOR
DUAL-ROTATING PROPZLLEE

The nature of the formulas for the side-force derivatives
makes it simpler to present the formula for & dual-rot at.ing
propeller fimt. For a dual-rotating propeller, the sicle-force
derivative is

—
where
spinner factor k,= 1.14

sidewash factor k==0.4

(1)

q-factorj(a) = Q ‘a)~\+la~~l +2!?>!

()

4B b
solidity at 0.75R r= — —

3 r’ D 0.75R

(l&1)

side-area indw 11=? mOs‘b
4

–- sin & ah
bS* 0.75R

and 11,j(a), k,, and k= are tliscllssed in detail later.
Side-area index 1,.—The produck all is proportiomd 10 the

area projected by the Mad M on a pltim’ through thr pmpdlcr
axis. This area may be ctdlcd the projechxl side nrcw of thu
propeller. The. significant factor 1* has bcon twmcd “the
side-area index”; u is the solidity tit the 0.75R sttitiou. Iu
equation (1), k=uI1is always small in comparison with unity,
with the result th~t C’l-’$is approximaic’ly propmliomd to
uI1 and hence to the projcctod side arm of the proprllrr.

The ftictor ~+~=rll may be rcgardrd ns a correction for

aspect ratio.
If graphictil integration is inconvenient., the aide-qrm

index lL may be evuluatcd quite simply nnd with sufilcicu L
accuracy by Gauss’ rul~ for approximutc int vgrat ion (refer-
ence 5), which ordinmily requires fewer ordinates tlmn
Slmpsoti’s rule for the same accuracy, Lh2hils rue givcII
in the appendix.

The q-fiotor j(a) .—By the definition of a, the expression
T’(1 +a) is the axial wind velocity at the propeller disk.
Accordingly, (1+a)zg is the dynamic pressure at thu prepvl-
ler disk. The value ofj(a.)g is only slightly Ices tlnm (1 -1a)’q
for moderate inflows. Equation (1) shows, therefore, thu~
the side force for a given angle of yaw is roughly proport ionnl
to the dynamic pressure at the propdlor disk as augmented
by the inflow. A chart of the vnriation of j(a) with T, is
given in figure 1.

Spinner factor k,.— If the puope]lcr is provided with a
spinner in combination with H liquid-cooled mwdlr, lhc
circumferential compommt of the eidc wind due to yaw is
considerably increased in the region of tho b]ndc shtinks.
This circumstance incrcnscs t.hc side forcr by n fnctur k,
which is closely given by

where r, is the ratio of the spinner radius to the tip rndius nml
K is a constant which is approximately 0.90 for a naccLlc
fineness ratio of 6 and 1.00 for a fineness ratio of infinity. For
the spinners of present-day usnge, k, is of the order of
1.14+0.04.

A similar effect undoubtedly occurs when spinners mo used
with air-cooled nacelles, but t.ho estimation of k~ is more
dficult. It is recommended that the fnctor 1.14 be used.
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Sidewash factor k..—The reduction of side force due to
the sidewmh of the slipstream is accounted for by the side-
waah factor L and by the deviation of j(a) from the value
(1+a)’. The. accurate expression fork= is

The effect is tinidogous to the reduction of wing lift by down-
wash. An a~erage value of ka is 0.4.

Required accuracy, k, and k..—To the degree in which
compa&m with existing experiments establishes the ac-
curacy of the side-force formulas-about- + 10 percent—it is
sufficiently accurate to use the mean value 0.4 for k= and,
for the usual size spinner (x,= O.16), 1.14 for k,.

Physical interpretation of propeller in yaw.—A study of
equations (1) and (2) in light of the discussion of the sicle-area
index 11 and the q-factor ~(cr), vrith data for representative
propellers, shows that. the equations are consistent with the
folIowing physical interpretation: In de~eloping side force
in yaw, the propeller acts Iike a fin of which the area is the
projected side area of the propelIer. (The projected side area
is the area projected by the bltides on a pkme through the
W&of rotation. For one or two blades, this area -raries -with

.

azimuth; but the text refers to the average value, which is
given to a close approximation by one-half the number of
blades ties the area proje&d by a s@le blade on a. pkme
containing the blude cmter Iine and the a.tis of rotation.)
This equivalent h may with snd error be regarded as
situated in the Mow at. the propeIIer disk and subject to the
corresponding augmented dynamic press~we. The mriation
of inflow vebcity therefore accounts for most of the variation
of side force with advance4iameter ratio, for a fixed-pitch
propeller.

The effective aspect ratio of the projected side area is of
the order of two-thirds the geometric aspect ratio with dual
rotation. The effective aspect. ratio is much less with single
than -ivith dual rotation; the smaller aspect ratio accounts for
a reduction in the side force, which for the six-blade Hamilton
Stanclard propeller 3155-6 varies from 4 percent at p=55°
to 24 percent at 13=15°. A mean value of the effective
aspect ratio for single- and dual-rotating propellers of
“present-day usage is &

RATE OF CHAN-GE OF SIDE-FORCE COZFPICIEST WITH .4WGLE OF YAW FOE
SINGLE-ROTATING PROPELLER

For a single-rotating propeller, the side-force derivative is

(2)
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The definitions of equation (1) still apply and

where

.=(”’’-+9(”’-%9
U(I + UIJ

(2a}

A family of approximah~ curves of 18 are givm in figure 2 m
functions of ~’/nD, with the solidity u as the pnrnmctcr.
The curves are applicable for blade-angle settings at. a given
value of I “/nD in the range in which the blades arc I1OL
stalled. The data of figure 2 were computwl for a Mlnitc
propeller, Hamilton Standard 3155-6, but may bc applied
to any other propeller with negligible error in C’Y’~. The
variation of 2a/~ with Te is given in figure 3.
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The term A is positive over the operating range of the
propeller in flight and is roughly one-tenth of 11. Compari-
son of equation (2) for single rotation with equation (1) for
dmd rotation shows that the effect of positive A is a reduction
in Cy’~—that is, a single-rotating propeller experiences less
side force in yaw than the corresponding dutd-rotating
propeller.

The reduction in side force in yaw reaches 24 percent for
IOTVblade angles; its average is 15 percent. The reduction
is explained by the fact that the asymmetry of disk Ioading,
which for the singk-mtating propeller produces the pitching
moment due to yaw, dso induces a component of flow tend-
ing to reduce the effect of the angle of yaw. For dual-
rotating propellers, there is no resultant asymmetry because
the asymmetries of the disk loadings of the two sections are
so disposed as to compensate each other.

RATE OF CHAIYGE OF PITCHISG MOMENT WITH AXGLE OF YAW

For a dmd-rotating propeller, the pitching-moment deriv-
ative is approximately zero for the reason prem”ousIy men-
tioned. For a single-rotating propeIIer, this derivative is

(3)

where the positive sign is to be taken for a right-hand
propeller and the negative sign for a left-hand propelkr.
The detitions previously given me applicable here and

U12+2J :

‘= Z(l+fYIJ
(3a)

Fcmnulas (1)
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S~E-FORCE CHARTS

and (2) have been used to compute a series
of charts of the side-force derivative

This derivative, otherwise interpreted, k approximately
twice the area of an equivalent fin of tiverage aspect ratio
divided by the disk area.

Each chart gives the variation of C=’$ with T“/nDfor a

range of blade’ amg]es and applies to a definite solidity.
There is a series of charts for each of two blade forms. One
blade form is a conventional t~e, Hamilton Standard
3155-6, with a pkn form almost symmetrictd about the
maximum chord, which is at appro-ximately fhe 0.60R
station. The other bIade form, li’ACA 10-3062-U45, has
a wide, almost uniform chord out to the 0.75R station and a
rounded tip section. The plan forms and pitch distributions
for the two propellers are shown in figure 4.

IIamilton Standard propeller 3156-6.-The charts of
figures 5 to 9 appIy to Hami.Iton Standard propeIIer 3155-6.
Figures 5, 6, 7, and 8 are for the two-, three-, four-, and six-
blade single-rotating propellers, respectively. Fkge 9 is
for a si~-blade dmd-rotating propeIler. The soliclity c varies
from 0.061 for the two-blade propeIler to 0.182 for the
six-blade propellers.
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A liquid-cooled nace~ of finenm ratio 6 was assumed and
the spinner diameter was taken as 0.164 times the propeller
diameter in determining g the spinner factor& The average
value of k,, which depends slightly on the blade-angle setting,
is about 1.125. This value eigfies tlmt, on the average,
12.5 percent has been added to the values .which would be
obtained in the absence of a spinner.

The values of T, used in. the computations were obtained
from figures 24 and 2f3 of reference. 6 for the 25° and 45°
blade angles and were interpolated for the other blade
angles with the aid of figure 15 of reference .7.

NACA propeller 10-306%046.-The charts of figures 10
to 13 apply to iVACA propelIer 10-3062-045. Figures 10,
11, rmd 12 are for the two-, three-, and four-blade single-
rotating propellers, respectively. Figure 13 is for a six-
blade dual-rotating propeller. The solidity a varies from
0.0825 for the two-blade propeller to 0.247 for the six-blade
propelIer.

The spinner-nacelle proportions were taken the same as
for Hamilton Standard propeller 3155-6, and the corre-
sponding average value of the spinner factor k, is 1.15.

The values of Tc used in the computations were obt.aincd
from unpublished experimental curves for the threw-blade
single-rotating propdlcr. The curves were. cxt rapcdatmf
for f&er blad& and for moro blades and for dual roh@n
with the aid of figures 24 and 26 of rcfcrcncc 0. It is bc-
lieve~ that the errors in C~’$ introduced by errors in “(he

extrapolation are withiu 2 or 3 percent.

Comparison with experiment,—l?iire 14 presenls the
variation of the side-form derivative with ndv.alw~linn][~~ m
ratio for the two-blade model propdlw of rcfrrctwc 4.
Curvf% computed from tho formulas of the prcscut report.
are plotted with the experimental values.

Interpolation for blade shape and solidity, –Tho com-

putations show that, within the usual range, Made lwis~ has

a relatively small effect on CY’~, The three imporhmt

parameters are solidity, blade angle at 0.75R, and plan form,

for a given l’/nD. The charts for a given plan form m~y

be interpolated. linearly from the char~ed vrducs for variat ions

of soh”dity a and blade angle p.
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The determination of CY’~for phm forms between those of

Hamilton Standard propeller 3155-6 and hTACA propeller
10-3062–045 would b~ expected to require a double inter-
polation, one for solidity, because the. two propellers me not
charted at the same solidifies, and a second one for plan
form. A simpler procedure results from the folloting
considers tions:

For a given solidity, it is found that the plan form of the
hTACA propeller 10-3062-045 yields about 13 percent more
side force than does the plan form of the Hamilton Standard
propeller 3155-6 at the same T’/nD. The factor 1.13 holds
within 2. or 3 percent near the line of zero thrust although
the error increases to about 6 percent at low ~“/nD and high
thrust. To this accuracy the side-force coefficient for a
propeller of a giwm plan fohn and solidity u= O.091, for
example, could be estimated from the u= 0.091 chart of
Hamilton Standard propeller 3155-6 by comparing the given
plan form wiLh the plan forma of Hamilton Standard 3155-6
and NACA 10-3062-045 propellem in figure 4 and increasing

prqxller WW2—045 with spinner. Four bladm, ~-O.1&5,

the ordinates from tho chart by tho appropriate fraction of

13 percent. In making the phm-form compmisou, most
weight @ould be given the root sections of the Madr, If I,bc
solidity u does not corrcspcmd to that of onr of the charls,
two charts of cliffww~t solidi Ly for the mmc propdlrr mtiy Lc
interpolated linearly.

Use of charts for propellers in pitoh,—The t~ilar[s irit.]1
pitch subst itutwl for yaw can I.N used to obt nin [he ratr of
change of normal force with angle of uttack of thrust nxis, if
the influence of the wing on the mglc of flow at [114* propuliur

k included. The upwash cm be taken into nccolltlt, if tlw
propeller is in front of the wing, by multiplying the value of

rate of change with angle of athwk of the angle of upwtish
induced at the propeller by tho wing. If the lwopcllcr is

behind the wing, t.ho factor should bo 1 minus tlw rntc of
change ~yith angle of attack of the un.glc of downwrish induced
at the propeller by the wing.
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CONCLUDING REMARKS i pressure is roughly that at the propeller disk as augmented

Equations for propellers in yaw and charts of the side-force
derivative have been given herein for single- and dual-
rotating propellers in terms of a side-mea index and a
dynamkpre&ure fac~or, which is a function of the inflow

factor. The study of thew equations indicates. that they are
consistent with the foIIowing physical interpretation: In de-
veloping side force, the propeller acts like a fin of which the
area is the projected side area of the propeller, the effective
aspect ratri; is of

Gauss’ rule for
by the relation

by the inflow .- The variation if {hc inflow vcloci~r, for n
fixed-pitch propeller, accounts for mosL of the wwialion of
side-force with advance-diameter ratio.
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the order of 8, and-thi effective dynamic. ] LANGLEY FIELD, JrA., April 7, 1943.

APPENDIX

approximate integration may be expr=ed

sZn+l

j(z) dx-P j(%) +PJ(X2) +“ . . . +~a.f(d
at

where xl to X. are certain abscissas and PI b Pn are Gaues’
coefficients. For the integrals of the present report, five
ordinates are found to be sufEcient to.determine Cy’$ with-in

1 perceut. For X. taken as 0.2 and x.+, taken as 1, the
appropriate values are

xl= o.23fl - P,= O.096
x2=0.385 P,= O.191
Q= O.600 P,= O.228
xd=0.815 P4=0.191
XS=O.963 P5=0.095

J‘b
As an example, the integral ~ sin PO dx which occurs

Xa O.76R

in II may be evaluated as

&
~.095 (W O= (b/D)o.wm .

‘in %Mti+O-191 (b/D)o.7m ‘m ~oO.386R

w/D)oA,~ b ~Ms,6R
+ 0.228_ sin ~%)m~+().lgl (b/D)o.76~ ‘

+().()95 @/D)o:~R gin /9%~,
@/D)o.m .

“D has been written for
‘here (b/D)O.,m
in recog@ion of the practice of using
variable.
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